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Abstract.  Silhouettes have many applications in computer graphics such as non-photorealistic edge 
rendering, fur rendering, shadow volume creation, and anti-aliasing.  The number of edges, s, in the 
silhouette of a model observed from a point is therefore useful in analyzing such algorithms.  
    This paper examines, from a theoretical viewpoint, a menagerie of objects with interesting 
silhouettes (including those with minimal and maximal silhouettes).  It shows that the relationship 
between and s and the number of triangles in a model, f, is bounded above by s = O(f) and below by s 
= W(1), and that the expected value of s over all observation points at infinity is proportional to the 
sum of the dihedral angles. 
    In practice, the models used with silhouette-based rendering algorithms are triangle meshes that are 
manually constructed or result from scans of human-made objects.  They consist of only surface 
geometry with few cracks; there is no internal detail like the engine under a car’s hood.  Geometric 
and aesthetic constraints on these models appear to create an inherent relationship between f and s.  
Measurements of the actual silhouettes of real-world 3D models with polygon counts varied across six 
orders of magnitude show them to follow the relationship s ~ f 0.8.  Furthermore, the expected value of 
s at infinity is a good approximation of the expected silhouette size for a viewer at a finite location.  

1.   Introduction 

Silhouettes have many applications in computer graphics such as non-photorealistic edge 
rendering [1], fur rendering [2], shadow volume creation [3], and anti-aliasing [6].  The process 
of efficiently finding the edges that comprise a model’s silhouette for these algorithms is an 
ongoing area of research.  Less well studied for the purposes of computer graphics are the 
characteristics of the silhouette.  The number of edges in the silhouette as a function of the 
number of faces in a model of particular interest.  Although models are described by their face 
count, the run time and space requirements of silhouette based algorithms are also parameterized 
on the number of silhouette edges.  An improved understanding of the silhouette is of both 
theoretical interest for analyzing these algorithms, and practical interest for tuning the constants 
and structures that depend on a statistical characterization of the data. 
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    The conventional wisdom that has been used as the basis for theoretical analysis of algorithms 
(e.g. [1, 6]) is that the number of silhouette edges is proportional to the square root of the number 
of faces.  While this is true for convex models, for general models it does not hold and turns out 
to be neither a lower, upper, nor statistically representative bound.  Hopefully the rigorous upper 
and lower bounds and measured “common” case presented here will lead to increased accuracy in 
the analysis of silhouette-based algorithms. 
    The theory portion of this paper considers general meshes that may be disconnected or have 
faces with any number of edges so long as the individual polygons are planar.  This gives upper 
and lower bounds that are useful for rigorous analysis but are too conservative for the models 
actually encountered in practice.   
    The practice portion of this paper is concerned with the kind of models for which we typically 
want to find the silhouette in the real world, and for which a useful characterization of the 
properties of the silhouette can be made.  It describes a study performed on hundreds of real-
world models downloaded from the internet and makes generalizations about them.  Although 
these models are typically triangle meshes because that is the format encouraged by graphics 
hardware, any model can be reduced to a triangle mesh through tessellation.  A silhouette edge is 
defined by the orientation of the adjacent faces.  Silhouette algorithms are therefore primarily 
used with closed, 2-manifold models, for which every edge has exactly two adjacent faces and 
there are no self-intersections or T-junctions. These properties do not prohibit disconnected 
models or models of high genus (many holes) so long as the individual components are closed. 
    Finally, it is important to note that most of these models are either surface scans of human-
made objects or human-made 3D surface models with little internal structure.  Naturally 
occurring objects and models constructed from volume data may have radically different 
characteristics. 

2.  Definition of Silhouette 

 
The silhouette of a model is computed relative to a point, A, in three dimensions.  A model is a 
closed 2-mainfold composed of a set of f triangles that meet with no T-junctions.  The point may 
be located anywhere in space, including inside the object, on the surface of the object, and at 
infinity.   
    A triangle (V0, V1, V2) on the object is classified as a front face if the dot product between the 
surface normal and the vector from A to V0 is negative.  Otherwise it is classified as a back face.   
 

Front face:   [(V1 – V0) x (V2 – V1)] 
. [V0 – A] < 0 

Back face:  otherwise 
 
The silhouette of the object is the set of all edges where a back face meets a front face.  This is 
also called the set of fold edges.  The silhouette size, s, is the cardinality of the set.   

3.  The Relationship Between f and s 

We start by looking at boundary cases on arbitrary polygonal meshes.  Recall that s is 
parameterized on not just the model but the point from which it is observed which we call A.  
This point can be anywhere in 3-space so there are three degrees of freedom under which s may 
change for any given simplification.  Within these, let us consider the smallest and largest 
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possible silhouette sizes that can be observed for any A, as well as the expected size when A is on 
a sphere at infinity.   
    We can bound the largest and smallest s values for any model as follows.  Because the model is 
a closed 2-manifold, the number of undirected edges (e) in the model is related to the number of 
faces by e = 3f / 2.  The silhouette is a subset of these edges, so s > 3f / 2.  A set of disconnected, 
two-sided triangles like those shown in Figure1 is a model whose silhouette size is at this upper 
bound for almost all positions of A.  Every pair of triangles gives rise to three silhouette edges.  
Note that this model has no volume—the dihedral angles are all zero.  There are models with non-

zero volume that exhibit similar behavior; for example, a set of disconnected tetrahedra gives s = 
f and the double tent object in Figure 2 also gives s = f / 2 when viewed from above the tip.  
Regardless of the constant the relationship between s and f is bounded above by the linear relation 
s = O(f). 
 The smallest possible silhouette size is s = 0, which is observed when A is inside a convex 
model (another interesting model is a convex shell with a bubble cut out of the interior—the 
silhouette size is zero when A is in the bubble).  Other models exhibit a constant relationship 
between s and f even when A is outside the model.  For example, the two-sided triangle with 
tessellated interior shown in Figure 4 gives s = 3 regardless of the number of faces in the interior.  
The lower bound on s is thus s = W(1).  
    The expected value of the silhouette size can fall anywhere between the upper and lower 
bounds and most models are not like these boundary cases anyway.  Consider convex and 
subdivision models, for example.  Markosian et al. [1] observed that repeated subdivision of a 
model by connecting the midpoints of each triangle edge quadruples the number of faces and 
doubles the number of silhouette edges.  They argued that the number of silhouette edges for such 
a model is thus related to the number of faces by a square root law.  This square root law also 
holds for any convex object, like the sphere shown in Figure 5.  When observed from outside the 
sphere, the number of silhouette edges approaches the perimeter of sphere’s disk and the number 
of faces approaches the total surface area.  The relationship between s and f for a sphere1 is thus 
in the proportion fs ~ .   

  We now return to arbitrary polygonal models that are not necessarily convex or tessellated by 
subdivision.  For a given model we can directly compute the expected silhouette size for an 
                                                      
1 More generally, the expected silhouette size of any convex object obeys the same relationship, as shown 
in Santaló [4] III.13.4. 

Figure 1. Disconnected 
triangles. 

Figure 2. Double tent. 

Figure 4. Triangle with tessellated interior. 

Figure 3.  Cutaway of a solid convex 
object with a bubble inside. 

Figure 5. Highly tessellated sphere 
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observation point at infinity.  Consider a single edge, indexed by i, and the two triangles that are 
adjacent at it.  Each triangle defines a plane dividing space into inside and outside based on the 
surface normal. 
    Let xi be a binary random variable that is 1 when this edge is in the silhouette and 0 otherwise.  
Note that this property only changes when A rotates about the axis of the edge; it is invariant to 
rotation in a plane containing the edge.  Let qi be the exterior dihedral2 angle between the two 
planes, which can be computed as the arc-cosine of the dot product of the face normals and is 

shown in Figure 6.  The probability that the edge is 
not on the silhouette is equal to the probability of A 
lying inside both planes or outside both planes, which 
is given by P(xi = 0) = 1 – qi / p.  Thus, the expected 
value of xi is E[xi] = qi / p.  
    The total size of the silhouette is the expected sum 
of xi over all (3 f / 2) edges in the model.  The 
expected size of the silhouette for A at infinity is 
therefore given by: 
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 Note that q = p for all edges in the triangle set in Figure 1, so the summation is proportional to f 
for that model and gives the bound we previously observed.  The tessellated triangle in Figure 3 
has q = p for three edges and q = 0 for all other edges, so it produces E[s] = 3.  The sphere has a 
mean curvature sufficient to produce a square root relationship.  
    Here we have reached the predictive limits of theory.  We know the bounds on s and can 
compute its expected value for a given model.  It would be useful to have a statistical relationship 
between f and s that is independent of the 3D model in order to estimate the performance of 
silhouette-based algorithms in actual 3D applications.  Consider the kinds of models that are 
likely to be used in such a context.  They have aesthetic and design constraints that should 
prevent their silhouette sizes from approaching either the constant lower bound or the linear upper 
bound.  It may even be the case that the mean dihedral angle is constrained.  Furthermore, we 
often observe certain statistical relationships in human-made objects, such as the frequent 
appearance of the golden ratio.  Is there some similar natural relationship between f and s?   

4.   Experimental Measurements 

This section presents experimental measurements of silhouette size for 897 real-world 3D 
models.  The models were taken from video games, research test sets, and the repository of free 
models at 3DCafe.com.  These models varied in complexity across six orders of magnitude, from 
f = 4 (Tetrahedron) to f = 1087716 (Buddha), and represented such diverse objects as plants, 
human figures, and vehicles.   
 It is well known that in practice, models can contain small cracks or holes that prevent them 
from being closed, producing broken edges with only one adjacent face.  These broken edges 
prevent a model from satisfying the closed 2-manifold requirement.  The number of broken edges 
is relevant because the cartoon, shadow, and fur rendering methods discussed in the abstract all 
include broken edges in the silhouette, thus increasing the silhouette size.  When it is known that 

                                                      
2 This differs from the angle used in Markosian et al., which is the supplement, p - q . 

Figure 6. The exterior dihedral angle q
between two faces.  Edge E is in the 
silhouette observed from Q, but not the 
one observed from P. 

q q 

Q 

P 

E 

x = 0 

x = 0 

x = 1 
x = 1 
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such a rendering algorithm will be used, artists are careful to design models without broken 
edges.  Modeling packages like 3D Studio MAX and Maya even include special tools for 
detecting and resolving such errors. The models in our test set were not created for use with these 
rendering algorithms and contained up to 10% broken edges.   Regardless, the key result of this 
section is the slope of the trendlines (i.e. the exponent on f) in Figures 8 and 9, which will not 
vary if the individual silhouette counts are increased or decreased by a constant fraction of broken 
edges. 
 

     
                        Bauul                         Beethoven                   Buddha 
 

Figure 7. Some objects from our test set.  A consistent trend of s ~ f 0.8 was observed 
across different shapes and polygon counts. 

 
    For the experiment, each model was positioned with its centroid at the origin and scaled to fit 
within a bounding sphere of unit radius.  For each model, three sets of points were selected.  The 
first set, A1, consisted of 1000 points chosen uniformly at random within a sphere of radius 1.  
This represented viewpoints very close to or inside the model and was likely to contain the 
viewpoint that produces the smallest silhouette size.  The section set, A100, consisted of 10000 
points chosen uniformly at random within a sphere of radius 100.  This set represented typical 
viewpoints that were likely to be used in practice and was included to measure the average 
silhouette size.  The third set, A¥ , consisted of 1000 points chosen uniformly at random on a 
sphere at infinity.  Many models exhibit their largest silhouette size for a viewer at infinity and 
this set was likely to observe such a case. 
    Four measures of silhouette size were computed from these points: 

 
1. E[s¥ ], the analytic expected silhouette size described in the previous section 
2. s , the average size observed over A100 
3. smin, the minimum silhouette size observed over A1, A100, and A¥  
4. smax, the maximum silhouette size observed over A1, A100, and A¥  

  
    Figure 8 is a graph of f vs s for a subset of 26 models.  The graph axes are logarithmic, so 
power curves manifest as lines where the slope of the line is the exponent.  The models are 
clustered on the horizontal axis.  The clusters can be characterized as extremely low polygon 
geometric primitives, hand-made low polygon models, and scanned high-polygon models.  The 
lowest of the low polygon models are some video game characters in the MD2 Quake II model 
format (e.g. Perelith Knight and The Forgotten One).  Icons of four models are shown near their 
respective groups for illustrative purposes. 
    The data used to generate this graph is shown in Table 1.  In addition to variables already 
discussed, this table shows the number of vertices (v) for each model as well as the percentage of 
broken edges.    
    Note that in the table, the convex models (e.g. Tetrahedron, Sphere) exhibit the predicted smin = 
0 behavior because their silhouettes vanish when A moves inside the model.  For all other models, 
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the various s variables are fairly close.  The expected and observed average differ by only a few 
polygons.  This difference is within the sampling error of the experiment.  A negligible difference 
here is interesting because E[s¥ ] is computed for A at infinity and s  is measured over finite 
values of A.   
    Figure 9 shows a graph of f vs. E[s¥ ] for the entire test set.  The thick red trendline is                 
s = 0.71f 0.84, which fits the data with R2 = 0.87.  

5.  Discussion 

The models in the test set follow a trend close to s ~ f 0.8 as shown in Figure 9.  Convex objects 
are geometrically constrained to follow a different relationship than arbitrary 3D models. For a 
convex object, s ~ f  ½, which can be observed from the geometric primitives and sphere along the 
dashed blue line in Figure 8.  In general, the number of silhouette edges increases with the mean 
curvature of a model, which is proportional to the sum of the dihedral angles. 
    The largest, smallest, expected, and average silhouette sizes are very close except for convex 
objects, which have a minimum silhouette size of zero. The negligible difference between 
expected and an observed average sizes indicates that the models have a uniform distribution of 
edges across their surface. 
    The test set contained models typical of those used in computer-assisted design, architecture, 
and entertainment and most were presumably modeled for rendering purposes only.  Although the 
analysis presented in this paper is for triangle mesh models, it can be generalized.  For example, a 
mesh composed of q planar quadrilaterals is equivalent to a triangle mesh with f = 2q faces.  Only 
the edges between quadrilaterals can become silhouette edges, so for a quadrilateral mesh we can 
expect s = 0.7 (2q) 0.8 = k q0.8 where k » 1.23.  The constant is highly variable across models, 
however, and only the order of growth is truly significant.  Since regular tessellation of a polygon 
mesh will only affect the constant, we can expect the f 0.8 observation to hold for polygon, as well 
as triangle meshes.   
    Because it contained exclusively man-made models and scans of man-made objects, it does not 
represent the kinds of 3D models resulting from medical or other scientific data sets used in 
scientific visualization, or obtained from scanning naturally occurring objects.  Man-made and 
naturally occurring shapes differ in several ways.  One is that the level of spikes, heavy self-
similarity, and fine detail for man-made objects tends to be below that arising in the real world 
from leaves and fur.  Another is that natural objects contain significant internal detail, while man 
made 3D models consist of predominantly surface detail. 
    The 0.8 constant is evidence of a fractal nature for man-made objects, and may not hold for 
naturally occurring objects.  One interesting observation is that it appears independently of 
resolution.  For example, tiny wrinkles that increase mean curvature can be observed on the high 
resolution Buddha and Bunny models.  Increasing the scanning resolution thus appears to capture 
new, smaller surface features at the right magnitude to increase the curvature and maintain the 
observed relationship. 

Acknowledgements.  Bauul was modeled by Brian Collins (brian@zono.com) and like many 
other Quake II models, is available on www.polycount.com.  Nick Musurca of Brown University 
downloaded a majority of the models used in the test set from www.3dcafe.com.  This paper was 
improved through comments by Thomas Banchoff , John Hughes, David Laidlaw, and Ronen 
Barzel. 
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Model f v e broken smax E[s¥¥¥¥ ] s  smin 

Tetrahedron 4 4 6 0 4 4 3 0 
Octahedron 8 6 12 0 6 5 4 0 
Cube 12 8 18 0 6 6 5 0 
Icosahedron 20 12 30 0 10 7 6 0 
Dodecahedron 36 20 54 0 16 11 10 0 
Dr. Freakenstein 541 260 704 4.8% 250 220 205 193 
Bauul 557 290 836 1.9% 275 206 204 154 
Perelith Knight 634 362 951 0 315 274 273 243 
Eva 1 672 335 996 0 326 246 246 203 
Blade 704 369 1062 1.4% 333 232 232 181 
TheForgotten One 708 340 1015 0.6% 313 255 248 204 
Bobba Fett 770 424 1171 2.9% 396 344 343 295 
Yohko 772 410 1174 4.3% 357 292 292 236 
Megaman 857 473 1304 6.5% 359 331 323 281 
Sphere 2000 1002 3000 0 86 67 66 0 
Knot 2880 1440 4320 0 416 330 330 235 
P51-Mustang 2992 1508 4488 0 766 663 663 527 
Teapot 3752 1976 5780 5.3% 539 488 488 413 
Galleon 4698 2372 7046 0 1340 1168 1167 903 
Beethoven 5030 2521 7545 0 1253 948 947 594 
Triceratops 5660 2832 8490 0 920 724 724 463 
Cow 5804 2903 8706 0 1120 860 860 646 
Bunny 69451 35947 104288 0.2% 6134 3543 3541 1688 
Horse 96966 48485 145449 0 6027 3733 3730 2552 
Dragon 871414 437645 1309256 0.3% 46793 33775 33686 26356 
Buddha 1087716 543652 1631574 0 60467 48147 47847 39243 

 

Table 1. Data graphed in Figure 8. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 8. Log-log graph of f vs s data from Table 1.  The dashed blue line is the f = s½ trend for 
convex models and the thick red line is the f = 0.7s0.8 trend observed over all data.  The horizontal 
bar symbols (—) mark the max and min silhouette sizes observed over all view positions; the 
black diamonds (¨ ) are the average silhouette sizes.  Blue squares () show the analytic expected 
silhouette size.  All four metrics are quite close—the expected value is a good predictor.   

Silhouette Sizes of Some Common Models
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Silhouette Sizes of Internet Models
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Figure 9. Log-log graph of f vs E[s¥ ] for 897 models downloaded from the Internet, used to 
establish and empirical order of growth. The dashed blue lines are (from bottom to top): f = s½, f = 
s¾, and f = s. The data (except for some outliers due to malformed meshes) lies between the 
outermost lines, clustered around the thick red trendline f = 0.7s0.8.   
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Web Information: 

High resolution versions of the graphs in Figures 8 and 9, the full data tables used to create them, 
and the model geometry used in experiments are available online at 
http://www.acm.org/jgt/papers/McGuire03/  
 

A continually growing archive of 3D model geometry is maintained at 
http://www.cs.brown.edu/research/graphics/games/  
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